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a b s t r a c t
In this paper, we introduce the concept of the fine triangle intersection problem for a pair
of G-designs, and we consider this problem for kite systems. Let Fin(v) = {(s, t) : ∃ a
pair of kite systems of order v intersecting in s blocks and t + s triangles}. Let Adm(v) =
{(s, t) : s + t ≤ bv, s ≠ bv − 1, s, t are non-negative integers}, where bv = v(v − 1)/8.
We establish that, for any positive integer v ≡ 0, 1 (mod 8) and v ≥ 8, Fin(v) = Adm(v).
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let H be a simple graph and let G be a subgraph of H . A G-design of H (or an (H,G)-design) is a pair (X,B), where X is
the vertex set of H andB is an edge-disjoint decomposition of H into isomorphic copies (called blocks) of the graph G. If H
is the complete graph Kv , we refer to such a G-design as one of order v. If G is the complete graph Kk, a Kk-design of order v
is called a Steiner system S(2, k, v).
Two G-designs of order v(X,B1) and (X,B2) are said to intersect in s blocks provided that |B1∩B2| = s. If s = 0, (X,B1)
and (X,B2) are said to be disjoint. The intersection problem for G-designs is the determination of all integer pairs (v, s) such
that there exists a pair of G-designs of order v intersecting in s blocks.
The intersection problem was first introduced for S(2, k, v)s (see [15]). A complete solution to the intersection problem
for S(2, 3, v)s was made by Lindner and Rosa [16]. The intersection problem for S(2, 4, v)s was dealt with by Colbourn
et al. [10], apart from three undecided values for v = 25, 28, and 37. Billington and Kreher [3] completed the intersection
problem for all connected simple graphs Gwhere both the minimum of the number of vertices and the number of edges of
G are less than or equal to four. The intersection problem is also considered for many other different types of combinatorial
structure. The interested reader may refer to [2,5,8,9,12–14].
Let B be a simple graph. Denote by T (B) the set of all triangles of the graph B. For example, if B is the graphwith vertices a,
b, c , and d, and edges ab, ac , bc , and cd (such a graph is called a kite), then T (B) = {{a, b, c}}. Two G-designs of order v(X,B1)
and (X,B2) are said to intersect in t triangles provided that |T (B1) ∩ T (B2)| = t , where T (Bi) = B∈Bi T (B), i = 1, 2.
The triangle intersection problem for G-designs is the determination of all integer pairs (v, t) such that there exists a pair of
G-designs of order v intersecting in t triangles.
The triangle intersection problem was first considered by Lindner and Yazici [17], who gave a complete solution to the
triangle intersection problem for kite systems (a kite system is a G-design when G is a kite). Billington et al. [4] discussed
the triangle intersection problem for (K4 − e)-designs (K4 − e is a graph obtained by removing one edge from the complete
graph K4). Chang et al. [6] investigated the triangle intersection problem for S(2, 4, v)s.
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Every block B in a G-design contributes |T (B)| = |T (G)| triangles. If two G-designs of order v(X,B1) and (X,B2)
intersect in s blocks, then they intersect in at least s|T (G)| triangles. It is natural to investigate the triangle intersection
problem for a pair of G-designs intersecting in s blocks. Thus, we introduce the fine triangle intersection problem. Define
FinG(v) = {(s, t) : ∃ a pair of G-designs of order v intersecting in s blocks and t + s|T (G)| triangles}. The fine triangle
intersection problem for G-designs is to determine FinG(v).
The purpose of this paper is to initiate a study of the fine triangle intersection problem for kite systems. Since a kite
contains four edges, a necessary condition for the existence of a kite system of order v is that

v
2

/4 is an integer, so
v ≡ 0, 1(mod 8). Bermond and Schönheim [1] showed that the necessary condition is also sufficient. The solutions for
the intersection problem and the triangle intersection problem for kite systems are listed below.
Theorem 1.1 ([3]). Let J(v) = {s : there exists a pair of kite systems of order v intersecting in s blocks}. Then J(v) =
{0, 1, . . . , bv − 2, bv} for all v ≡ 0, 1(mod 8) and v ≥ 8, where bv = v(v − 1)/8.
Theorem 1.2 ([17]). Let JT (v) = {t : there exists a pair of kite systems of order v intersecting in t triangles}. Then JT (v) =
{0, 1, . . . , bv} for all v ≡ 0, 1(mod 8) and v ≥ 8, where bv = v(v − 1)/8.
Note that every block in a kite system contributes only one triangle. In what follows, we always write FinG(v) simply
as Fin(v) when G is a kite; that is, Fin(v) = {(s, t) : ∃ a pair of kite systems of order v intersecting in s blocks and t +
s triangles}. Let Adm(v) = {(s, t) : s + t ≤ bv, s ≠ bv − 1, s, t are non-negative integers}, where bv = v(v − 1)/8.
By Theorems 1.1 and 1.2, Fin(v) ⊆ Adm(v). As the main result of the present paper, we present the following theorem.
Theorem 1.3. Fin(v) = Adm(v) for all v ≡ 0, 1(mod 8) and v ≥ 8.
2. Recursive constructions
In this section, we present two recursive constructions for the fine triangle intersection problem for a pair of G-designs.
The concept of group divisible designs plays an important role in these constructions.
Let K be a set of positive integers. A group divisible design (GDD) K -GDD is a triple (X,G,A) satisfying the following
properties: (1) G is a partition of a finite set X into subsets (called groups); (2)A is a set of subsets of X (called blocks), each
of cardinality from K , such that every 2-subset of X is either contained in exactly one block or in exactly one group, but not
in both. If G contains ui groups of size gi for 1 ≤ i ≤ r , then we call gu11 gu22 · · · gurr the group type (or type) of the GDD. If
K = {k}, we write {k}-GDD as k-GDD.
LetH = {H1,H2, . . . ,Hm} be a partition of a finite set X into subsets (called holes), where |Hi| = ni for 1 ≤ i ≤ m. Let
Kn1,n2,...,nm be the completemultipartite graph on X with the i-th part onHi, and let G be a subgraph ofH . A holey G-design is a
triple (X,H,B) such that (X,B) is a (Kn1,n2,...,nm ,G)-design. The hole type (or type) of the holeyG-design is {n1, n2, . . . , nm}.
We also use an ‘‘exponential’’ notation to describe hole types: the hole type gu11 g
u2
2 · · · gurr denotes ui occurrences of gi for
1 ≤ i ≤ r . Obviously, if G is the complete graph Kk, a holey Kk-design is just a k-GDD. When G is a kite, a holey G-design is
said to be a kite-GDD.
A pair of holey G-designs (X,H,B1) and (X,H,B2) of the same type is said to intersect in s blocks if |B1 ∩ B2| = s. A
pair of holey G-designs (X,H,B1) and (X,H,B2) of the same type is said to intersect in t triangles if |T (B1) ∩ T (B2)| = t ,
where T (Bi) =B∈Bi T (B), i = 1, 2. The following construction is a variation of Wilson’s Fundamental Construction [18].
Construction 2.1 (Weighting Construction). Suppose that (X,G,A) is a K-GDD, and let ω : X −→ Z+ ∪ {0} be a weight
function. For every block A ∈ A, suppose that there is a pair of holey G-designs of type {ω(x) : x ∈ A}, which intersect in bA blocks
and tA triangles. Then there exists a pair of holey G-designs of type {x∈G ω(x) : G ∈ G}, which intersect inA∈A bA blocks and
A∈A tA triangles.
Proof. For every x ∈ X , let S(x) be a set of ω(x) ‘‘copies’’ of x. For any Y ⊆ X , let S(Y ) = x∈Y S(x). For every block A ∈ A,
construct a pair of holey G-designs {S(A), {S(x) : x ∈ A},BA} and {S(A), {S(x) : x ∈ A},B ′A}, which intersect in bA blocks
and tA triangles. Then it is readily checked that there exists a pair of holey G-designs (S(X), {S(G) : G ∈ G},∪A∈ABA) and
(S(X), {S(G) : G ∈ G},∪A∈AB ′A), which intersect in

A∈A bA blocks and

A∈A tA triangles. 
Construction 2.2 (Filling Construction). Let a be a nonnegative integer. Suppose that there exists a pair of holey G-designs of type
{g1, g2, . . . , gs}, which intersect in b blocks and t triangles. If there is a pair of ((Kgi+a \ Ka),G)-designs with the same subgraph
Ka removed for each 1 ≤ i ≤ s − 1, which intersect in bi blocks and ti triangles, and there is a pair of (Kgs+a,G)-designs, which
intersect in bs blocks and ts triangles, then there exists a pair of (Kv+a,G)-designs intersecting in b+si=1 bi blocks and t+si=1 ti
triangles, where v =si=1 gi.
Proof. Let (X,H,B1) and (X,H,B2) be a pair of holey G-designs of type {g1, g2, . . . , gs}, which intersect in b blocks and
t triangles. LetH = {H1,H2, . . . ,Hs} with |Hi| = gi for 1 ≤ i ≤ s, and let Y be a set of cardinality a such that X ∩ Y = ∅.
For each 1 ≤ i ≤ s− 1, construct a pair of ((Kgi+a \ Ka),G)-designs

Hi

Y ,A1i

and

Hi

Y ,A2i

with the same subgraph
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Ka defined on Y removed, which intersect in bi blocks and ti triangles. By the assumption, we also have a pair of (Kgs+a,G)-
designs

Hs

Y ,A1s

and

Hs

Y ,A2s

, which intersect in bs blocks and ts triangles. It is readily checked that there exists
a pair of (Kv+a,G)-designs

X

Y ,
∪si=1A1i B1 and X Y , ∪si=1A2i B2, which intersect in b +si=1 bi blocks
and t +si=1 ti triangles. 
We quote the following known result for later use.
Lemma 2.3 ([11]). Let g, t, and u be nonnegative integers. There exists a 3-GDD of type g tu1 if and only if the following conditions
are all satisfied:
(1) if g > 0, then t ≥ 3, or t = 2 and u = g, or t = 1 and u = 0, or t = 0;
(2) u ≤ g(t − 1) or gt = 0;
(3) g(t − 1)+ u ≡ 0(mod 2) or gt = 0;
(4) gt ≡ 0(mod 2) or u = 0;
(5) g2t(t − 1)/2+ gtu ≡ 0(mod 3).
3. Ingredients
In this paper, we always denote the copy of the kite with vertices a, b, c , and d and edges ab, ac , bc , and cd by {a, b, c−d}.
Lemma 3.1. Fin(8) = Adm(8).
Proof. Take the vertex set X = {0, 1, . . . , 7}. Let
B1: {3, 5, 7− 2}, {5, 6, 2− 4}, {1, 6, 7− 0}, {1, 3, 4− 7}, {0, 4, 6− 3}, {0, 3, 2− 1}, {0, 1, 5− 4};
B2: {3, 5, 7− 2}, {5, 6, 2− 4}, {1, 6, 7− 0}, {1, 3, 4− 7}, {0, 3, 6− 4}, {0, 1, 2− 3}, {0, 4, 5− 1};
B3: {0, 1, 3− 7}, {6, 0, 2− 7}, {2, 3, 5− 7}, {5, 6, 1− 7}, {4, 5, 0− 7}, {1, 2, 4− 3}, {7, 4, 6− 3};
B4: {0, 1, 3− 2}, {0, 2, 7− 1}, {1, 5, 6− 2}, {3, 7, 5− 2}, {4, 5, 0− 6}, {1, 2, 4− 3}, {7, 4, 6− 3};
B5: {0, 1, 3− 2}, {0, 2, 7− 1}, {1, 5, 6− 2}, {3, 7, 5− 2}, {4, 5, 0− 6}, {1, 2, 4− 7}, {3, 4, 6− 7}.
Then (X,Bi) is a kite system of order 8 for each 1 ≤ i ≤ 5. Consider the following permutations on X .
π0,0 = (4 5 6), π0,1 = (5 7 6), π0,2 = (6 7), π0,3 = (3 6 4 7),
π0,4 = (2 5 7 4 6 3), π0,5 = (1 2 3 5 4 6), π0,6 = (1 2 3 6 4 5), π0,7 = (0 5 6 1 3)(2 7 4),
π1,0 = (4 5), π1,1 = (3 4)(5 7), π1,2 = (2 4)(3 5), π1,3 = (2 5 3 4)(6 7),
π1,4 = (2 5 6), π1,5 = (0 3 5 2 4)(6 7), π1,6 = (1 6)(2 4)(3 5), π2,0 = (3 5),
π2,1 = (5 6), π2,2 = (3 4), π2,3 = (0 1 5 6 4 7 2), π2,4 = (0 1 4)(2 3 6 7),
π2,5 = (0 1 6 5 3)(2 7), π3,0 = (1 3), π3,1 = (0 1)(2 5 7 3 4 6), π3,2 = (0 1 2 3 4 5 6),
π3,3 = (1 4)(2 6), π3,4 = (0 1 3 5 6)(2 4 7), π4,0 = (1), π4,1 = (1 6)(2 3),
π4,2 = (2 5)(3 4), π4,3 = (0 1)(4 6), π5,0 = (3 7), π5,1 = (1),
π5,2 = (1 3)(5 6), π7,0 = (1).
It is readily checked that, for each (s, t) ∈ Adm(8) \ {(3, 2), (4, 1), (4, 3), (5, 0), (5, 1), (7, 0)}, |πs,tB2B1| = s
and |T (πs,tB2 \ B1) T (B1 \ πs,tB2)| = t . For each (s, t) ∈ {(3, 2), (4, 1), (4, 3), (7, 0)}, |πs,tB3B3| = s and
|T (πs,tB3 \ B3) T (B3 \ πs,tB3)| = t . For each (s, t) ∈ {(5, 0), (5, 1)}, |πs,tB5B4| = s and |T (πs,tB5 \ B4) T (B4 \
πs,tB5)| = t . 
Lemma 3.2. Fin(9) = Adm(9).
Proof. Take the vertex set X = {0, 1, . . . , 8}. Let
B1: {5, 1, 6− 2}, {1, 3, 4− 5}, {0, 1, 2− 5}, {0, 3, 5− 7}, {0, 4, 6− 7}, {0, 7, 8− 1}, {2, 3, 7− 1},
{2, 8, 4− 7}, {3, 6, 8−5};
B2: {5, 1, 6− 2}, {1, 3, 4− 7}, {0, 2, 1− 7}, {0, 3, 5− 2}, {0, 6, 4− 5}, {0, 7, 8− 5}, {3, 2, 7− 5},
{2, 4, 8− 1}, {3, 8, 6−7};
B3: {5, 2, 6− 1}, {1, 5, 4− 3}, {0, 2, 1− 3}, {0, 3, 5− 7}, {0, 4, 6− 7}, {0, 7, 8− 1}, {2, 3, 7− 1},
{2, 8, 4− 7}, {3, 6, 8−5};
B4: {1, 3, 7− 4}, {2, 6, 8− 1}, {2, 7, 5− 8}, {5, 6, 3− 4}, {0, 6, 7− 8}, {0, 1, 2− 3}, {0, 4, 5− 1},
{1, 6, 4− 2}, {0, 3, 8−4};
B5: {1, 3, 7− 4}, {2, 6, 8− 1}, {2, 7, 5− 8}, {5, 6, 3− 4}, {0, 6, 7− 8}, {0, 1, 2− 4}, {5, 0, 4− 8},
{4, 6, 1− 5}, {0, 8, 3−2};
B6: {1, 7, 8− 5}, {2, 5, 6− 1}, {4, 8, 2− 7}, {5, 7, 3− 6}, {1, 3, 4− 6}, {0, 1, 2− 3}, {0, 4, 5− 1},
{0, 6, 7− 4}, {0, 3, 8−6};
B7: {1, 7, 8− 5}, {2, 5, 6− 1}, {4, 8, 2− 7}, {5, 7, 3− 6}, {1, 3, 4− 6}, {0, 3, 2− 1}, {0, 1, 5− 4},
{0, 4, 7− 6}, {0, 6, 8−3};
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B8: {0, 1, 2− 3}, {0, 3, 4− 5}, {0, 5, 6− 7}, {0, 7, 8− 1}, {1, 3, 5− 7}, {6, 8, 3− 7}, {5, 2, 8− 4},
{1, 4, 7− 2}, {4, 2, 6−1};
B9: {0, 1, 2− 3}, {0, 3, 4− 5}, {0, 5, 6− 7}, {0, 7, 8− 1}, {1, 3, 5− 7}, {6, 8, 3− 7}, {5, 2, 8− 4},
{1, 4, 6− 2}, {2, 4, 7−1};
B10: {1, 2, 5− 7}, {4, 5, 8− 1}, {2, 3, 6− 8}, {5, 6, 0− 2}, {7, 8, 2− 4}, {8, 0, 3− 5}, {6, 7, 1− 3},
{3, 4, 7− 0}, {0, 1, 4−6};
B11: {1, 2, 5− 7}, {4, 5, 8− 1}, {2, 3, 6− 8}, {5, 6, 0− 2}, {7, 8, 2− 4}, {8, 0, 3− 5}, {3, 1, 7− 6},
{0, 7, 4− 3}, {6, 4, 1−0};
B12: {6, 7, 0− 4}, {1, 2, 4− 8}, {3, 4, 6− 1}, {4, 5, 7− 2}, {5, 6, 8− 3}, {8, 0, 2− 6}, {2, 5, 3− 7},
{7, 8, 1− 3}, {1, 5, 0−3};
B13: {6, 7, 0− 4}, {1, 2, 4− 8}, {3, 4, 6− 1}, {4, 5, 7− 2}, {5, 6, 8− 3}, {8, 0, 2− 6}, {2, 3, 5− 0},
{7, 8, 1− 5}, {1, 0, 3−7};
B14: {1, 8, 3− 0}, {2, 4, 7− 0}, {2, 6, 5− 3}, {5, 8, 7− 1}, {1, 6, 4− 8}, {0, 6, 8− 2}, {0, 1, 2− 3},
{0, 4, 5− 1}, {6, 7, 3−4};
B15: {1, 8, 3− 0}, {2, 4, 7− 0}, {2, 6, 5− 3}, {5, 8, 7− 1}, {1, 6, 4− 8}, {0, 6, 8− 2}, {0, 2, 1− 5},
{0, 5, 4− 3}, {6, 7, 3−2};
B16: {2, 6, 8− 3}, {3, 6, 7− 4}, {0, 3, 5− 6}, {0, 4, 6− 1}, {0, 7, 8− 1}, {1, 5, 7− 2}, {4, 8, 5− 2},
{0, 1, 2− 3}, {1, 3, 4−2};
B17: {2, 6, 8− 3}, {3, 6, 7− 4}, {0, 3, 5− 6}, {0, 4, 6− 1}, {0, 7, 8− 1}, {1, 5, 7− 2}, {4, 8, 5− 2},
{0, 2, 1− 3}, {2, 3, 4−1};
B18: {0, 1, 4− 6}, {8, 4, 5− 7}, {3, 4, 7− 0}, {2, 5, 1− 8}, {6, 7, 1− 3} {7, 8, 2− 4}, {8, 0, 3− 5},
{3, 6, 2− 0}, {0, 5, 6−8};
B19: {0, 1, 4− 6}, {8, 4, 5− 7}, {3, 4, 7− 0}, {2, 5, 1− 8}, {6, 7, 1− 3} {7, 8, 2− 4}, {8, 0, 3− 5},
{2, 3, 6− 8}, {5, 6, 0− 2}.
Then (X,Bi) is a kite system of order 9 for each 1 ≤ i ≤ 19. Consider the following permutations on X .
π0,0 = (2 3)(6 7), π0,1 = (4 5)(6 7), π0,2 = (4 5 7), π0,3 = (5 6 7),
π0,4 = (3 6)(4 5 7), π0,5 = (5 7), π0,6 = (0 1 3)(2 4 5)(6 7), π0,7 = (1 5)(2 3)(4 6),
π0,8 = (0 4)(1 5)(2 7), π0,9 = (0 3 8 2)(1 5 6 4), π1,0 = (3 4 6 7), π1,1 = (4 6 7),
π1,2 = (3 7)(4 6), π1,3 = (3 5 4 6), π1,4 = (1 2)(4 7), π1,5 = (3 5)(4 6),
π1,6 = (3 6)(4 5), π1,7 = (1 6 7)(2 4 8), π1,8 = (1), π2,0 = (3 4 6),
π2,1 = (4 5 6), π2,2 = (6 7), π2,3 = (3 7), π2,4 = (2 7),
π2,5 = (1 2)(3 8)(5 7), π2,6 = (0 3)(2 4)(6 7), π2,7 = (1 5)(2 3)(4 6), π3,0 = (2 6),
π3,1 = (4 7), π3,2 = (3 5), π3,3 = (5 6), π3,4 = (0 1)(3 6),
π3,5 = (0 3 2)(1 5 7)(4 6 8), π3,6 = (0 6)(1 5)(2 3), π4,0 = (3 6), π4,1 = (4 6),
π4,2 = (3 5), π4,3 = (0 6)(1 3)(2 8), π4,4 = (1 5 6 8 2 3 4 7), π4,5 = (0 3)(1 6)(2 8),
π5,0 = (1), π5,1 = (6 7), π5,2 = (1 5)(2 3)(4 6), π5,3 = (0 3)(1 7)(4 8),
π5,4 = (1), π6,0 = (1), π6,1 = (1), π6,2 = (1),
π6,3 = (1), π7,0 = (1), π7,1 = (1), π7,2 = (1),
π9,0 = (1).
It is readily checked that, for each row in Table 1, |πs,tBiBj| = s and |T (πs,tBi \Bj) T (Bj \ πs,tBi)| = t . 
Lemma 3.3. Let M = {(s, t) : s + t ≤ 23, s ∈ {0, 8, 16, 23}, t is a non-negative integer} and N = {(1, 0), (1, 3), (1, 6),
(1, 9), (1, 12), (1, 15), (1, 18), (1, 21), (1, 22), (9, 0), (9, 3), (9, 6), (9, 9), (9, 11), (9, 14), (17, 0), (17, 3), (17, 6)}. Let G
be a kite and let (s, t) ∈ M ∪ N. Then there is a pair of (K16 \ K8,G)-designs (X,B1) and (X,B2) with the same subgraph
K8 removed, which intersect in s blocks and t + s triangles.
Proof. Take the vertex set X = {0, 1, . . . , 15}. Let
A1: {8, 1, 0− 4}, {4, 5, 8− 7}, {9, 2, 1− 5}, {9, 4, 3− 7}, {8, 3, 2− 6}, {9, 0, 7− 6},
{9, 5, 6− 8};
A2: {8, 1, 0− 7}, {5, 8, 4− 0}, {1, 2, 9− 0}, {9, 4, 3− 2}, {3, 8, 7− 9}, {2, 8, 6− 7},
{6, 9, 5− 1};
A3: {8, 1, 0− 7}, {4, 8, 5− 1}, {1, 2, 9− 7}, {3, 9, 4− 0}, {3, 8, 7− 6}, {6, 8, 2− 3},
{5, 6, 9− 0};
A4: {8, 1, 0− 7}, {0, 9, 4− 5}, {1, 9, 5− 6}, {2, 3, 8− 4}, {6, 7, 8− 5}, {6, 9, 2− 1},
{7, 9, 3− 4};
A5: {8, 1, 0− 7}, {4, 8, 5− 1}, {1, 2, 9− 3}, {0, 4, 9− 5}, {6, 8, 2− 3}, {7, 9, 6− 5},
{7, 8, 3− 4};
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A6: {8, 1, 0− 7}, {4, 5, 8− 2}, {1, 9, 2− 3}, {0, 9, 4− 3}, {7, 9, 3− 8}, {7, 8, 6− 2},
{6, 9, 5− 1};
A7: {0, 1, 8− 6}, {4, 8, 5− 1}, {1, 9, 2− 6}, {3, 9, 4− 0}, {2, 3, 8− 7}, {0, 9, 7− 3},
{5, 9, 6− 7};
A8: {10, 2, 4− 11}, {10, 6, 0− 11}, {12, 4, 6− 11}, {12, 0, 2− 11}, {10, 1, 3− 11}, {10, 5, 7− 11},
{12, 3, 5− 11}, {12, 7, 1− 11}, {13, 3, 6− 14}, {13, 1, 4− 14}, {13, 7, 2− 14}, {13, 5, 0− 14},
{15, 6, 1− 14}, {15, 4, 7− 14}, {15, 2, 5− 14}, {15, 0, 3− 14}.
Let 1 ≤ i ≤ 7 andBi = Ai ∪A8. Then (X,Bi) is a (K16 \ K8,G)-design for each 1 ≤ i ≤ 7, where the removed subgraph K8
is constructed on Y = {8, 9, . . . , 15}. Consider the following permutations on X .
π0,0 = (0 4 7 3 5 2)(8 10 11 12 9 15 13 14), π0,1 = (0 1 7 2 6)(3 5)(8 14 12 15)(9 10 11 13),
π0,2 = (0 6 2)(1 7)(4 5)(8 14 15 12 11 10 9 13), π0,3 = (0 5 7 3 2 4)(8 12 11 13 10 9 14 15),
π0,4 = (0 7 6 3 5)(1 4)(8 9 11 15 14 10)(12 13), π0,5 = (0 7 2 6 1 3)(8 12 15 9 13)(11 14),
π0,6 = (0 6)(2 4 5 3)(8 15 10)(9 13 11), π0,7 = (0 5 4 3 7 2)(1 6)(8 9 11)(10 14 13 12 15),
π0,8 = (0 7 6 3 4 1)(2 5)(8 9 13 11 14 12), π0,9 = (0 4 7)(1 6 5)(8 15 9 14 11)(10 12),
π0,10 = (0 6 4 2 5 3 1 7)(8 11 14 10 15 12 9), π0,11 = (0 1 6 2 4 5)(8 13)(9 12 15 10 14),
π0,12 = (2 6)(3 7)(8 14 11)(9 15)(10 12 13), π0,13 = (0 6 1)(2 5 4)(8 10 15 13 11 12 9),
π0,14 = (0 7)(1 6)(2 5)(3 4)(9 14 10 12), π0,15 = (0 2 5 3)(1 7 4 6)(8 15 12 13)(9 10),
π0,16 = (0 2)(3 7)(4 6)(8 9)(10 11 12)(13 15), π0,17 = (0 1 5)(3 7 6)(8 13 11 14)(9 15 12),
π0,18 = (0 7 1 2)(3 4 6 5)(8 13 11 14)(9 12), π0,19 = (0 5 4)(2 7 3)(8 13)(9 12 10)(11 14),
π0,20 = (0 3 1 2)(4 7 5 6)(8 14)(9 12 15 10), π0,21 = (0 3)(1 6)(2 4)(5 7)(8 13)(9 12)(11 14),
π0,22 = (0 4)(2 3 6 7)(8 13)(9 10 15 12), π0,23 = (0 5)(1 4)(2 3)(6 7),
π1,0 = (0 1 5 4 6 3)(8 14)(9 13)(10 12 15 11), π1,3 = (0 4)(2 6 7 3)(8 12 11 15 9 10),
π1,6 = (0 3 1 4 7)(2 6)(8 10 13)(9 12 15)(11 14), π1,9 = (0 3 2 4)(6 7)(8 10 9 13 12 15 14 11),
π1,12 = (0 1 3)(2 6 7 5)(8 10 15)(9 13)(11 14 12), π1,15 = (0 4)(1 5)(2 7)(3 6)(8 11 13 14)(9 10)(12 15),
π1,18 = (0 6 1 3)(2 5 7 4)(8 11 13)(9 12)(10 15), π1,21 = (0 4)(3 7)(8 13)(10 12)(11 14),
π1,22 = (11 14), π8,0 = (0 7 4 3)(1 6 5 2)(8 15 13 14),
π8,1 = (0 7 6 5 4 3 2 1)(8 13 15 10 9), π8,2 = (4 6)(8 15),
π8,3 = (0 2 4 6)(1 7 5 3)(8 13 9 14 15)(10 12), π8,4 = (1 5 6 3 2 4 7)(9 13 10 15 12)(11 14),
π8,5 = (0 1)(2 4 7 5)(9 12 13)(10 15)(11 14), π8,6 = (0 3 4 7)(1 2 5 6)(9 14),
π8,7 = (0 1 4 5)(2 3 6 7)(8 15 14 13)(10 12), π8,8 = (0 6 4 2)(1 7 5 3)(8 9 11)(10 12),
π8,9 = (14 15), π8,10 = (0 5)(1 4)(2 7)(3 6)(9 15)(10 12)(13 14),
π8,11 = (0 7)(1 2)(3 4)(5 6)(8 13 14), π8,12 = (0 4)(1 5)(2 6)(3 7)(8 11),
π8,13 = (0 5)(1 4)(2 7)(3 6)(9 15)(10 12), π8,14 = (0 3)(1 6)(2 5)(4 7)(8 13),
π8,15 = (0 1)(2 3)(4 5)(6 7)(9 15)(10 12), π9,0 = (0 3 6),
π9,3 = (0 6 4 2)(1 7 5 3)(8 15 14 13)(10 12), π9,6 = (2 3)(6 7)(11 14)(12 15),
π9,9 = (0 6 4 2)(1 7 5 3)(9 11)(10 12), π9,11 = (0 6 4 2)(1 7 5 3)(8 11)(10 12),
π9,14 = (2 3)(6 7)(9 10)(11 14)(12 15), π16,0 = (0 4)(1 5)(2 6)(3 7)(8 9),
π16,1 = (0 4)(1 5)(2 6)(3 7), π16,2 = (8 9),
π16,3 = (1), π16,4 = (0 4)(1 5)(2 6)(3 7),
π16,5 = (1), π16,6 = (0 4)(1 5)(2 6)(3 7),
π16,7 = (1), π17,0 = (1),
π17,3 = (1), π17,6 = (1),
π23,0 = (1).
It is readily checked that, for each row in Table 2,πs,tY = Y , |πs,tBiBj| = s and |T (πs,tBi\Bj) T (Bj\πs,tBi)| = t . 
Lemma 3.4. Fin(16) = Adm(16).
Proof. By Theorems 1.1 and 1.2, Fin(16) ⊆ Adm(16). We need to show that Adm(16) ⊆ Fin(16). LetM = {(a, b) : a+ b ≤
23, a ∈ {0, 8, 16, 23}, b is a non-negative integer} and N = {(1, 0), (1, 3), (1, 6), (1, 9), (1, 12), (1, 15), (1, 18), (1, 21),
(1, 22), (9, 0), (9, 3), (9, 6), (9, 9), (9, 11), (9, 14), (17, 0), (17, 3), (17, 6)}. Let G be a kite and let (α, β) ∈ M ∪ N . By
Lemma 3.3, there is a pair of (K16 \K8,G)-designs (X,B1) and (X,B2)with the same subgraph K8 removed, which intersect
in α blocks and β+α triangles. Here, the subgraph K8 is constructed on Y ⊂ X . Let (γ , ω) ∈ Adm(8). By Lemma 3.1, there is
a pair of kite systems of order 8 (Y ,B ′1) and (Y ,B
′
2)with γ common blocks and γ +ω common triangles. Then (X,B1∪B ′1)
and (X,B2 ∪B ′2) are a pair of kite systems of order 16 with α + γ common blocks and α + β + γ + ω common triangles.
Thus, we have
Fin(16) ⊇ {(α + γ , β + ω) : (α, β) ∈ M ∪ N, (γ , ω) ∈ Adm(8)}.
It is readily checked that, for any pair of integers (s, t) ∈ Adm(16), we have (s, t) ∈ Fin(16). This completes the proof. 
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Table 1
Fine triangle intersection numbers for kite systems of order 9.
i j (s, t)
1 1 (0, 0), (0, 1), . . . , (0, 8), (1, 0), (1, 1), . . . , (1, 7), (2, 0), (2, 1), . . . , (2, 6),
(3, 0), (3, 1), . . . , (3, 4), (4, 0), (4, 1), (4, 3), (4, 5), (9, 0)
2 1 (1, 8), (5, 2), (5, 3)
3 1 (0, 9), (2, 7), (3, 5), (4, 2), (4, 4), (6, 1)
5 4 (3, 6), (5, 4)
7 6 (5, 0)
9 8 (5, 1), (7, 0)
11 10 (6, 0)
13 12 (6, 2)
15 14 (6, 3)
17 16 (7, 1)
19 18 (7, 2)
Table 2
Fine triangle intersection numbers for Lemma 3.3.
i j (s, t)
1 1 (M ∪ N) \ {(0, 21), (1, 22), (8, 9), (8, 13), (16, 1), . . . , (16, 5), (16, 7), (17, 0), (17, 3), (17, 6)}
2 1 (0, 21), (8, 9), (8, 13), (16, 5)
3 2 (1, 22), (17, 6)
4 2 (16, 1), (17, 0)
5 1 (16, 3)
6 5 (16, 2), (16, 4), (17, 3)
7 1 (16, 7)
Lemma 3.5. Let M = {(s, t) : s+ t ≤ 25, s ∈ {0, 6, 16, 25}, t is a non-negative integer} \ {(6, 17)} and N = {(8, 0), (8, 4),
(8, 8), (8, 12), (8, 16), (8, 17), (17, 4), (17, 8), (18, 0), (18, 6)}. Let G be a kite and (s, t) ∈ M ∪ N. Then there is a pair of
(K17 \ K9,G)-designs (X,B1) and (X,B2) with the same subgraph K9 removed, which intersect in s blocks and t + s triangles.
Proof. Take the vertex set X = {0, 1, . . . , 16}. Let
A1: {1, 5, 8− 0}, {3, 7, 8− 2}, {9, 1, 0− 4}, {9, 3, 2− 6}, {9, 5, 4− 8}, {10, 5, 6− 8},
{9, 6, 7− 0}, {1, 2, 10− 7}, {3, 4, 10− 0};
A2: {1, 5, 8− 2}, {3, 7, 8− 0}, {0, 1, 9− 2}, {7, 10, 0− 4}, {5, 4, 9− 3}, {5, 10, 6− 2},
{7, 9, 6− 8}, {1, 10, 2− 3}, {3, 10, 4− 8};
A3: {1, 5, 8− 4}, {3, 7, 8− 0}, {1, 9, 0− 7}, {3, 9, 2− 8}, {5, 9, 4− 0}, {5, 6, 10− 0},
{7, 9, 6− 8}, {1, 10, 2− 6}, {3, 4, 10− 7};
A4: {1, 5, 8− 4}, {0, 7, 8− 3}, {0, 1, 9− 2}, {0, 4, 10− 1}, {4, 5, 9− 3}, {5, 6, 10− 7},
{6, 9, 7− 3}, {6, 8, 2− 1}, {2, 10, 3− 4};
A5: {5, 8, 1− 2}, {3, 8, 7− 9}, {0, 1, 9− 6}, {2, 9, 3− 10}, {5, 9, 4− 10}, {5, 6, 10− 1},
{2, 8, 6− 7}, {0, 7, 10− 2}, {0, 8, 4− 3};
A6: {1, 5, 8− 4}, {3, 7, 8− 9}, {0, 1, 9− 10}, {2, 3, 9− 11}, {4, 5, 9− 12}, {5, 6, 10− 11},
{6, 7, 9− 13}, {1, 2, 10− 12}, {3, 4, 10−13};
A7: {11, 2, 0− 12}, {13, 4, 2− 12}, {11, 6, 4− 12}, {13, 0, 6− 12}, {11, 3, 1− 12}, {13, 5, 3− 12},
{11, 7, 5− 12}, {13, 1, 7− 12}, {14, 0, 3− 15}, {14, 6, 1− 15}, {14, 4, 7− 15}, {14, 2, 5− 15},
{16, 3, 6− 15}, {16, 1, 4− 15}, {16, 7, 2− 15}, {16, 5, 0−15};
A8: {11, 0, 2− 12}, {13, 2, 4− 12}, {11, 4, 6− 12}, {13, 6, 0− 12}, {11, 1, 3− 12}, {13, 3, 5− 12},
{11, 5, 7− 12}, {13, 7, 1− 12}, {14, 0, 3− 15}, {14, 6, 1− 15}, {14, 4, 7− 15}, {14, 2, 5− 15},
{16, 3, 6− 15}, {16, 1, 4− 15}, {16, 7, 2− 15}, {16, 5, 0− 15}.
Let 1 ≤ i ≤ 6 and let Bi = Ai ∪ A8. Let B7 = A1 ∪ A7. Then (X,Bj) is a (K17 \ K9,G)-design for each 1 ≤ j ≤ 7, where
the removed subgraph K9 is constructed on Y = {8, 9, . . . , 16}. Consider the following permutations on X .
π0,0 = (0 2 6 3 5)(4 7)(8 13)(9 11 12 10)(14 16), π0,1 = (0 5 2 6 1 3)(8 11 15 10 12)(13 16),
π0,2 = (0 7 2 1 5 4)(3 6)(8 16 15 11)(9 13)(12 14), π0,3 = (1 5)(2 6 7 3)(8 15 11 12 16 10 9),
π0,4 = (0 5 2 6 4 1)(8 15 11)(10 13 14 12 16), π0,5 = (0 6 5 7 1 3 2 4)(8 14 13 16 10 11 12 9),
π0,6 = (0 5 7 1 6 2 3)(8 15 9 11 13 12 14 16), π0,7 = (0 7 3 5 4 2 6)(9 10 14 11 15),
π0,8 = (0 7 4)(1 3 2)(8 13 9 14 16 15 10 11 12), π0,9 = (0 2 3 6 4 5)(1 7)(8 14 11 12 10 9 16 15),
π0,10 = (0 7)(1 5 4 2 3 6)(8 12 15)(9 16 14 11 10 13), π0,11 = (0 6 5 4 7 2)(8 16 11 15 9 14 13 10),
π0,12 = (0 7 3 6)(1 4 2)(8 9 14 12 16 13 10), π0,13 = (0 1 3 5)(2 7 6 4)(8 13 16 9 11 12 14),
π0,14 = (0 4 2 6)(1 3)(8 13 15 10 16 9 14 12), π0,15 = (0 5 4 2)(1 3 6 7)(8 10 14 12 11 16 9 13 15),
π0,16 = (0 3 1 4 7 5)(8 15 16 14 11 9 10 13), π0,17 = (0 2 4 1)(3 6 7 5)(8 12)(9 11 13 16)(10 14 15),
π0,18 = (0 1 2)(3 7)(4 5 6)(8 15 12)(9 10 11 16 14 13), π0,19 = (0 4)(1 6 5 2)(8 12 10 14 15)(9 11 16 13),
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π0,20 = (1 6 2 5)(4 7)(8 15 12)(9 13 11 16), π0,21 = (0 6)(1 7)(2 4)(3 5)(10 14 12 15),
π0,22 = (0 6)(1 7)(2 4)(3 5)(8 15 12)(10 14), π0,23 = (0 7)(1 6)(2 5)(3 4)(8 12),
π0,24 = (1 5)(3 7)(9 16)(10 14)(12 15), π0,25 = (12 15),
π6,0 = (0 7 1 4 6 2 3)(8 10 16 11 15 12 9)(13 14), π6,1 = (0 3)(1 5 7 2 6 4)(8 9)(11 16 12 15)(13 14),
π6,2 = (0 6 2)(1 7 5 3)(8 13 11), π6,3 = (0 3 5 4 6 7)(9 14 13 10 15 12 16 11),
π6,4 = (0 6 2 3)(1 4 7)(8 15 12 10 14 13)(11 16), π6,5 = (0 7 4 2)(1 6 3)(8 16 11 14 13)(12 15),
π6,6 = (0 3)(1 5 7 2 6 4)(8 10 12 15)(9 13 14)(11 16), π6,7 = (0 2 4 6 1 3 5 7)(8 16 15)(11 13),
π6,8 = (0 6 3 7 1 4)(2 5)(8 13 16 10 9 11 14 12 15), π6,9 = (0 2 5)(1 4 6)(3 7)(8 10 9 13)(11 14 16)(12 15),
π6,10 = (0 3 2 6 4 1 7)(8 11 16 13 10 9)(12 15), π6,11 = (0 3)(1 2)(4 5)(6 7)(8 13)(14 16),
π6,12 = (0 2)(1 3)(4 6)(5 7)(8 12 13)(10 14), π6,13 = (0 3 1 6 4 7 5 2)(10 13)(11 14)(12 15),
π6,14 = (1 2)(5 6)(9 11)(12 14 15)(13 16), π6,15 = (0 4)(1 5)(10 14 12)(11 13),
π6,16 = (0 4)(1 6 5 2)(8 15 12)(9 11 16 13)(10 14), π6,18 = (0 4)(1 5)(10 14)(11 13),
π6,19 = (1 5)(2 6)(9 16)(11 13), π8,0 = (0 7 4 3)(1 6 5 2)(9 16 10)(11 13)(14 15),
π8,4 = (0 5)(1 4)(2 7)(3 6)(10 16 14 15), π8,8 = (0 1)(2 3)(4 5)(6 7)(8 14),
π8,12 = (0 7)(1 2)(3 4)(5 6)(8 10)(9 16)(11 13), π8,16 = (0 2)(1 3)(4 6)(5 7)(10 14),
π8,17 = (1), π16,0 = (8 9 10),
π16,1 = (8 9), π16,2 = (9 10),
π16,3 = (8 9), π16,4 = (8 10),
π16,5 = (1), π16,6 = (1),
π16,7 = (0 4)(1 5)(2 6)(3 7), π16,8 = (1),
π16,9 = (1), π17,4 = (14 15),
π17,8 = (1), π18,0 = (10 11),
π18,6 = (0 6 4 2)(1 7 5 3)(11 13), π25,0 = (1).
It is readily checked that, for each row in Table 3,πs,tY = Y , |πs,tBiBj| = s and |T (πs,tBi\Bj) T (Bj\πs,tBi)| = t . 
Lemma 3.6. Fin(17) = Adm(17).
Proof. By Theorems 1.1 and 1.2, Fin(17) ⊆ Adm(17). We need to show that Adm(17) ⊆ Fin(17). Let M = {(a, b) :
a+b ≤ 25, a ∈ {0, 6, 16, 25}, b is a non-negative integer}\{(6, 17)} andN = {(8, 0), (8, 4), (8, 8), (8, 12), (8, 16), (8, 17),
(17, 4), (17, 8), (18, 0), (18, 6)}. Let G be a kite and let (α, β) ∈ M∪N . By Lemma 3.5, there is a pair of (K17 \K9,G)-designs
(X,B1) and (X,B2) with the same subgraph K9 removed, which intersect in α blocks and β + α triangles. Here, the sub-
graph K9 is constructed on Y ⊂ X . Let (γ , ω) ∈ Adm(9). By Lemma 3.2, there is a pair of kite systems of order 9 (Y ,B ′1) and
(Y ,B ′2)with γ common blocks and γ +ω common triangles. Then (X,B1∪B ′1) and (X,B2∪B ′2) are a pair of kite systems
of order 17 with α + γ common blocks and α + β + γ + ω common triangles. Thus, we have
Fin(17) ⊇ {(α + γ , β + ω) : (α, β) ∈ M ∪ N, (γ , ω) ∈ Adm(9)}.
It is readily checked that, for any pair of integers (s, t) ∈ Adm(17), we have (s, t) ∈ Fin(17). This completes the proof. 
Lemma 3.7. Let (s, t) ∈ {(0, 0), (0, 1), (0, 12), (12, 0)}. There exists a pair of kite-GDDs of type 43 with the same group set
intersecting in s blocks and t + s triangles.
Proof. Take the vertex set X = Z12 and the group setH = {{3i+ j : 0 ≤ i ≤ 3} : 0 ≤ j ≤ 2}. LetB1 = {{0, 5, 1− 3} + i :
i ∈ Z12} and B2 = {{0, 1, 5 − 3} + i : i ∈ Z12}. Then (X,H,B1) and (X,H,B2) are a pair of kite-GDDs of type 43. It is
readily checked that |B2B1| = 0 and |T (B2 \B1) T (B1 \B2)| = 12. Let
B3: {0, 1, 2− 3}, {0, 4, 5− 6}, {0, 7, 8− 9}, {0, 10, 11− 1}, {1, 3, 5− 7}, {1, 6, 8− 10},
{2, 4, 6− 7}, {3, 7, 11− 6}, {4, 8, 3− 10}, {4, 11, 9− 1}, {5, 9, 10− 6}, {7, 9, 2− 10}.
Then (X,H,B3) is also a kite-GDD of type 43. Consider the following permutations on X .
π0,0 = (0 3)(1 4)(2 5), π0,1 = (0 3 6 9)(1 4 7 10)(2 5 8 11), π12,0 = (1).
It is readily checked that, for each (s, t) ∈ {(0, 0), (0, 1), (12, 0)}, |πs,tB3B3| = s and |T (πs,tB3 \ B3) T (B3 \
πs,tB3)| = t . 
4. The proof of Theorem 1.3
First, we need the following definition. Let (s1, t1) and (s2, t2) be two pairs of non-negative integers. Define (s1, t1) +
(s2, t2) = (s1 + s2, t1 + t2). If X and Y are two sets of pairs of non-negative integers, then X + Y denotes the set
{(s1, t1) + (s2, t2) : (s1, t1) ∈ X, (s2, t2) ∈ Y }. If X is a set of pairs of non-negative integers and h is some positive integer,
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Table 3
Fine triangle intersection numbers for Lemma 3.5.
i j (s, t)
1 1 (M ∪ N) \ {(0, 24), (0, 25), (8, 17), (16, 1), . . . , (16, 9), (17, 8)}
2 1 (0, 24), (16, 8)
3 1 (0, 25), (16, 2), (16, 3), (16, 4), (16, 9)
4 1 (16, 1), (16, 5)
5 1 (16, 6), (16, 7)
6 3 (17, 8)
7 3 (8, 17)
then h∗X denotes the set of all pairs of non-negative integers which can be obtained by adding any h elements of X together
(repetitions of elements of X are allowed).
Lemma 4.1. For any positive integer v ≡ 0, 1, 8, 9(mod 24) and v ≥ 8, Fin(v) = Adm(v).
Proof. The caseswhen v = 8 and 9 follow from Lemmas 3.1 and 3.2, respectively. Assume that v ≥ 24. By Theorems 1.1 and
1.2, Fin(v) ⊆ Adm(v). We need to show that Adm(v) ⊆ Fin(v). Let v = 8u+ awith u ≡ 0, 1(mod 3), u ≥ 3 and a ∈ {0, 1}.
Start from a 3-GDD of type 2u from Lemma 2.3. Give each point of the GDD weight 4. By Lemma 3.7, there is a pair of kite-
GDDs of type 43 with α common blocks and α+ β common triangles, (α, β) ∈ {(0, 0), (0, 1), (0, 12), (12, 0)}. Then, apply
Construction 2.1 to obtain a pair of kite-GDDs of type 8u with
x
i=1 αi common blocks and
x
i=1(αi+βi) common triangles,
where x = 2u(u − 1)/3 is the number of blocks of the 3-GDD of type 2u and (αi, βi) ∈ {(0, 0), (0, 1), (0, 12), (12, 0)} for
1 ≤ i ≤ x.
Let 1 ≤ j ≤ u and let (γj, ωj) ∈ Adm(8 + a), where a ∈ {0, 1}. By Lemmas 3.1 and 3.2, there is a pair of kite systems of
order 8+ awith γj common blocks and γj+ωj common triangles. Apply Construction 2.2 to obtain a pair of kite systems of
order v = 8u+ awithxi=1 αi +uj=1 γj common blocks andxi=1(αi + βi)+uj=1(γj +ωj) common triangles. Thus, we
have
Fin(v) ⊇

x
i=1
αi +
u
j=1
γj,
x
i=1
βi +
u
j=1
ωj

: (αi, βi) ∈ {(0, 0), (0, 1), (0, 12), (12, 0)}, 1 ≤ i ≤ x,
(γj, ωj) ∈ Adm(8+ a), 1 ≤ j ≤ u

=

x
i=1
(αi, βi)+
u
j=1
(γj, ωj) : (αi, βi) ∈ {(0, 0), (0, 1), (0, 12), (12, 0)}, 1 ≤ i ≤ x,
(γj, ωj) ∈ Adm(8+ a), 1 ≤ j ≤ u

= x ∗ {(0, 0), (0, 1), (0, 12), (12, 0)} + u ∗ Adm(8+ a).
Let n = 7 + 2a be the number of blocks of a kite system of order 8 + a. Define S(z) = {(s, t) : s + t ≤ z, s, t ≥
0} \ {(z − 1, 0), (z − 1, 1)}. Then it is readily checked that u ∗ Adm(8+ a) = S(un). Note that
{(0, 0), (0, 1), (0, 12), (12, 0)} + S(z) = S(z + 12) (1)
for any integer z ≥ 21. Since un ≥ 21 and bv = v(v − 1)/8 = un+ 12x, using formula (1) inductively x times, we have
Fin(v) ⊇ (x− 1) ∗ {(0, 0), (0, 1), (0, 12), (12, 0)} + ({(0, 0), (0, 1), (0, 12), (12, 0)} + S(un))
= (x− 1) ∗ {(0, 0), (0, 1), (0, 12), (12, 0)} + S(un+ 12)
= S(un+ 12x) = S(bv) = Adm(v).
This completes the proof. 
Lemma 4.2. For any positive integer v ≡ 16, 17(mod 24) and v ≥ 16, Fin(v) = Adm(v).
Proof. The cases when v = 16 and 17 follow from Lemmas 3.4 and 3.6, respectively. Assume that v ≥ 40. By Theorems 1.1
and 1.2, Fin(v) ⊆ Adm(v). We need to show that Adm(v) ⊆ Fin(v). Let v = 8u + a with u ≡ 2(mod 3), u ≥ 5 and
a ∈ {0, 1}. Start from a 3-GDD of type 2u−241 from Lemma 2.3. Give each point of the GDD weight 4. By Lemma 3.7, there
is a pair of kite-GDDs of type 43 with α common blocks and α + β common triangles, (α, β) ∈ {(0, 0), (0, 12), (12, 0)}.
Then apply Construction 2.1 to obtain a pair of kite-GDDs of type 8u−2161 with
x
i=1 αi common blocks and
x
i=1(αi + βi)
common triangles, where x = 2(u + 1)(u − 2)/3 is the number of blocks of the 3-GDD of type 2u−241 and (αi, βi) ∈
{(0, 0), (0, 12), (12, 0)} for 1 ≤ i ≤ x.
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Let 1 ≤ j ≤ u − 2 and (γj, ωj) ∈ Adm(8 + a), where a ∈ {0, 1}. By Lemmas 3.1 and 3.2, there is a pair of kite systems
of order 8 + a with γj common blocks and γj + ωj common triangles. Let (γu−1, ωu−1) ∈ Adm(16 + a). By Lemmas 3.4
and 3.6, there is a pair of kite systems of order 16 + a with γu−1 common blocks and γu−1 + ωu−1 common triangles.
Apply Construction 2.2 to obtain a pair of kite systems of order v = 8u + a withxi=1 αi +u−1j=1 γj common blocks andx
i=1(αi + βi)+
u−1
j=1 (γj + ωj) common triangles. Thus, we have
Fin(v) ⊇

x
i=1
αi +
u−1
j=1
γj,
x
i=1
βi +
u−1
j=1
ωj

: (αi, βi) ∈ {(0, 0), (0, 12), (12, 0)}, 1 ≤ i ≤ x,
(γj, ωj) ∈ Adm(8+ a), 1 ≤ j ≤ u− 2, (γu−1, ωu−1) ∈ Adm(16+ a)

=

x
i=1
(αi, βi)+
u−1
j=1
(γj, ωj) : (αi, βi) ∈ {(0, 0), (0, 12), (12, 0)}, 1 ≤ i ≤ x,
(γj, ωj) ∈ Adm(8+ a), 1 ≤ j ≤ u− 2, (γu−1, ωu−1) ∈ Adm(16+ a)

= x ∗ {(0, 0), (0, 12), (12, 0)} + (u− 2) ∗ Adm(8+ a)+ Adm(16+ a).
By similar arguments to those in Lemma 4.1, it is readily checked that Adm(v) ⊆ Fin(v). 
Proof of Theorem 1.3. Combining the results of Lemmas 4.1 and 4.2, we have that, for any positive integer v ≡ 0, 1(mod 8)
and v ≥ 8, Fin(v) = Adm(v). 
5. Concluding remarks
In this paper, we have introduced the concept of the fine triangle intersection problem for a pair of G-designs, and we
have dealt with this problem for kite systems. A further andmore interesting question concerns the fine triangle intersection
problem for S(2, 4, v)s. It seems that it is not easy to solve this problem completely. In [7], we discussed the triangle
intersection problem for a pair of disjoint S(2, 4, v)s, which is a beginning to touch the fine triangle intersection problem
for S(2, 4, v)s.
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